A congruence of Lucas' type  by Pan, Hao
Discrete Mathematics 288 (2004) 173–175
www.elsevier.com/locate/disc
Note
A congruence of Lucas’ type
Hao Pan
Department of Mathematics, Nanjing University, Nanjing 210093, People’s Republic of China
Received 24 December 2002; received in revised form 23 May 2004; accepted 16 June 2004
Available online 1 October 2004
Abstract
Suppose (x1, . . . , xn)=
∑
∅=I⊆{1,...,n}I
∏
i∈I xi is a polynomial over the ﬁnite ﬁeld Fwith q elements. Letw(k1, . . . , kn)
be the coefﬁcient of
∏n
i=1x
ki
i
in the formal power series 11−(x1,...,xn) . Then w satisﬁes the Lucas property, i.e., for any
non-negative integers a1, . . . , an and 0b1, . . . , bn < q, w(a1q + b1, . . . , anq + bn)= w(a1, . . . , an)w(b1, . . . , bn).
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Suppose p is an arbitrary prime. Then if two non-negative integers a, b are represented by the p-adic forms a =∑mi=0aipi
and b =∑mi=0bipi , where 0ai, bi <p, the well-known theorem of Lucas on the binomial coefﬁcients says that ( ab ) ≡∏m
i=1
(
ai
bi
)
(modp).As a generalization of the binomial coefﬁcients, Razpet introduces the integer number arrayw(i, j | a, b, c)
in [3]. For integers a, b, c, w(i, j | a, b, c) is the number of all different ways from the point (0, 0) to the point (i, j) with the
steps along the vectors (1, 0), (0, 1), (1, 1) and the weights a, b, c. Razpet shows that the numbers w(i, j |a, b, c) satisfy the
Lucas property, i.e., w(p + , p +  | a, b, c) ≡ w(,  | a, b, c)w(,  | a, b, c) (mod p) for non-negative integers ,  and
0, <p.
Suppose F is a ﬁnite ﬁeld with q elements. We denote the formal power series ring in variables x1, . . . , xn over F by
F[[x1, . . . , xn]]. For a formal power series f (x1, . . . , xn) ∈ F[[x1, . . . , xn]], we write [
∏n
i=1x
ki
i
]f (x1, . . . , xn) for the co-
efﬁcient of
∏n
i=1x
ki
i
in f (x1, . . . , xn). If the constant term of f (x1, . . . , xn) is non-zero, then f (x1, . . . , xn) is a unit in
F[[x1, . . . , xn]] (see [2]), and let 1/f (x1, . . . , xn) denote the inverse of f (x1, . . . , xn).
Let (x1, . . . , xn) be a polynomial over F satisfying the following two conditions:
(i) The constant term of  is zero.
(ii) The degree of each variable xi in  is less than or equal to 1.
That is, (x1, . . . , xn)=
∑
∅=I⊆{1,...,n}I
∏
i∈I xi , where I ∈ F. Then for non-negative integers k1, . . . , kn, let
w(k1, . . . , kn)=
[ n∏
i=1
x
ki
i
]
1
1− (x1, . . . , xn) .
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Clearlyw is an extension of the binomial coefﬁcients. If we set (x1, x2)= x1+ x1x2, thenw(i, j)=
(
i
j
)
. It is easy to verify
that w satisﬁes the recurrence relation
w(k1, . . . , kn)=
∑
∅=I⊆{1,...,n}
Iw(k1 − I (1), . . . , kn − I (n))
for any positive integers k1, . . . , kn, where I (i) is 1 if i ∈ I and 0 otherwise. Similarly,w(k1, . . . , kn) can also be considered as
the number of weighted lattice paths from the origin (0, . . . , 0) to the point (k1, . . . , kn) in Zn with the steps (I (1), . . . , I (n))
and the corresponding weights I .
Now we shall generalize the result of Razpet and show that w satisﬁes the Lucas property. Our main result is that:
Theorem 1. Let F be a ﬁnite ﬁeld with the cardinality q and (x1, . . . , xn) a polynomial over F such that the constant term is
zero and the degree of each xi isn’t greater than 1. Then for arbitrary non-negative integers a1, . . . , an and 0b1, . . . , bn < q,
we have
w(a1q + b1, . . . , anq + bn)= w(a1, . . . , an)w(b1, . . . , bn).
Proof. Since q is the number of elements in the ﬁnite ﬁeld F, q must be the power of a prime p which is the characteristic of F.
Then in light of the two basic facts that p | (p
i
)
for each 1 ip − 1 and q =  for any  ∈ F, it can be proved without any
difﬁculty that
f (x1, . . . , xn)
q = f (xq1 , . . . , xqn ),
where f (x1, . . . , xn) is an arbitrary polynomial or formal power series over F. In particular, (x1, . . . , xn)q = (xq1 , . . . , xqn ).
Therefore the degree of each xi in every monomial of q is a multiple of q. Since the constant term of  is zero, if m is an integer
greater than or equal to q, then for each non-vanishing monomial in m = q · m−q , there exists some xi such that its degree
in this monomial isn’t less than q. So for any non-negative integers b1, . . . , bn less than q, we deduce that the coefﬁcient of
x
b1
1 · · · xbnn vanishes in m if mq. And it follows that
w(b1, . . . , bn)=
[ n∏
i=1
x
bi
i
]
1
1− 
=
[ n∏
i=1
x
bi
i
] ∞∑
j=0
j =
[ n∏
i=1
x
bi
i
] q−1∑
j=0
j =
[ n∏
i=1
x
bi
i
]
1− q
1−  .
On the other hand, since the degree of each xi in  does not exceed 1, evidently each xi has the degree not greater than j in every
monomial of j . Thus we have
1− q
1−  =
q−1∑
j=0
j =
∑
0b1,...,bn<q
w(b1, . . . , bn)x
b1
1 · · · xbnn .
And
1
1−  =
1− q
1−  ·
1
1− q =
1− q
1−  ·
1
(1− )q
=

 ∑
0b1,...,bn<q
w(b1, . . . , bn)
n∏
i=1
x
bi
i



 ∑
0a1,...,an
w(a1, . . . , an)
n∏
j=1
x
aj
j


q
=

 ∑
0b1,...,bn<q
w(b1, . . . , bn)
n∏
i=1
x
bi
i



 ∑
0a1,...,an
w(a1, . . . , an)
n∏
j=1
x
aj q
j


=
∑
0 a1,...,an
0 b1,...,bn<q
w(a1, . . . , an)w(b1, . . . , bn)
n∏
i=1
x
aiq+bi
i
.
This immediately implies Theorem 1. 
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Remark 2. One of the referees feels that the result of Theorem 1might be related to the Kummer congruences for general power
series (see [1]).
Corollary 3. Under the conditions of Theorem 1, suppose s1, . . . , sn are non-negative integers and represented by the q-adic
forms
si =
m∑
j=0
sij q
j , i = 1, . . . , n,
where 0sij < q. Then
w(s1, . . . , sn)=
m∏
j=0
w(s1j , . . . , snj ).
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